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1. Introduction
In this paper, we determine explicit forms of the b-functions of regular 2-simple pre-
homogeneous vector spaces of type I associated to the symplectic group and the orthogonal
group. Our goal is to give a complete list of explicit forms of b-functions of regular 2-
simple prehomogeneous vector spaces of type I by a joint project with K. Sugiyama. This
paper is the first step to our goal.
The b-functions are very important invariants of prehomogeneous vector spaces. We
can get gamma factors of functional equations from b-functions, and the poles of zeta
functions of prehomogeneous vector spaces are related to b- functions (see, e.g. [10], [12]).
Local zeta functions over C with standard test functions can be determined completely by
the b-functions (see [3] in the one variable case, [1] and [2] in the several variables case).
As for irreducible prehomogeneous vector spaces, which were classified in [15], the b-
functions were already known explicitly (a complete list was given in [7]). As for reducible
cases (for example, simple or 2-simple prehomogeneous vector spaces, prehomogeneous
vector spaces of parabolic type), the explicit calculation of b-functions has been done by [4]
and [18] for regular simple prehomogeneous vector spaces, by [20] and [21] for prehomo-
geneous vector spaces of Dynkin-Kostant type of exceptional groups. Here we treat regular
2-simple prehomogeneous vector spaces of type I which are reducible and not castling-
equivalent to simple prehomogeneous vector spaces. The spaces are numbered from (1) to
(46) in [8]. We assort the spaces into the following five classes by algebraic groups:
(i) (1)∼(9) GL(1)l × SL(n) × SL(m),
(ii) (10)∼(20) GL(1)l × Sp(n) × SL(m), GL(1)l × SO(n) × SL(m),
(iii) (21)∼(33) GL(1)l × Spin(n) × SL(m) (n = 7, 8),
(iv) (34)∼(44) GL(1)l × Spin(10) × SL(m),
(v) (45), (46) GL(1)l × (G2) × SL(m),
where l, n,m ∈ Z>0. We treat the spaces in the classes (ii), (iii) and (v). As for the spaces
in the classes (i) and (iv), K. Sugiyama calculated explicitly the b-functions except for the
spaces (8)(41) (cf. [19]).
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In this paper, we number the spaces by imitating the numbering of [9]. For example,
when the number (20) expresses two spaces, we denote by (20a), (20b) the two spaces. Our
main works are to calculate explicitly the b-functions of the spaces (10a)(10c)(15a)(15b)
(16)(18)(19)(20a)(20b). Because we can reduce calculations of the b-functions of the other
spaces of (ii), all spaces of (iii) and (v) to those of the spaces (18)(20), and some irreducible
or simple cases. The b-function of (20b) is contained in the result of [11], but we also give
an alternative calculation.
We calculate b-functions by imitating the method of Ukai [20] and [21], which is
based on the functional equations of b-functions, some previous known b-functions of one
variable, and explicit calculations of a-functions.
The plan of this paper is as follows. In Section 2, we review some known properties
of b-functions of prehomogeneous vector spaces, and explain the method of calculating
b-functions. In Section 3, we show our main result which is a list of explicit forms of the
b-functions for all spaces of (ii), (iii) and (v). In Section 4, we prove our main result.
The author would like to express sincere gratitude to Doctor Kazunari Sugiyama for
suggesting the problem of this paper to the author and his kind advice for computations of
b-functions, and to his adviser Professor Tomoyoshi Ibukiyama for his encouragement and
careful advice for computations of b-functions and improving the exposition of this paper.
The author also would like to express sincere gratitude to Professor Fumihiro Sato for his
kind advise.
NOTATION. We denote by M(m, n) the totality of m × n matrices over C. If m = n,
then we write M(n) instead of M(m, n). The determinant of x ∈ M(n) is denoted by
det(x). t x is the transpose of x ∈ M(m, n). We denote by Alt (n) the totality of n × n
alternating matrices over C, and by Sym(m) the totality of m × m symmetric matrices
over C. We denote by In a unit matrix of degree n and put Jn =
(
0 In
−In 0
)
. For
x ∈ Alt (2n), let Pf(x) be the Pfaffian of x. We determine the sign of the Pfaffian Pf(x)
by Pf(Jn) = (−1) n(n−1)2 . We put Sp(n) = {x ∈ GL(2n) : t xJnx = Jn} and SO(n) =
{x ∈ SL(n) : t xx = In}. We denote by Eij the matrix unit. We put eij = Eij − Eji and
ei = t (0, . . . , 0, 1, 0, . . . , 0) where 1 appears only at the i-th place.
2. Preliminaries
In this section, we review elementary properties of prehomogeneous vector spaces.
For details, we refer to [12], [13] and [15].
Let G be a connected algebraic group defined over the complex number field C, V
an n-dimensional vector space over C, and ρ : G → GL(V ) a rational representation
of G on V . We assume that the triplet (G, ρ, V ) is a prehomogeneous vector space, i.e.
there exists a proper algebraic subset S of V such that V \ S is a single G-orbit. The
set S is called the singular set, and a point in V \ S is called a generic point. Let f be
a non-zero rational function on V and χ a rational character of G. We call f a relative
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invariant corresponding to χ if f (ρ(g)x) = χ(g)f (x) for all g ∈ G and x ∈ V . If f
and f ′ are relative invariants which correspond to the same character, then f is a constant
multiple of f ′. Let S1, . . . , Sl be the irreducible components of S with codimension one.
Take an irreducible polynomial function fi ∈ C[V ] defining Si for each i = 1, . . . , l. Then
these f1(x), . . . , fl(x) are relative invariants which are algebraically independent and any
relative invariant f (x) is of the form f (x) = cf1(x)m1 . . . fl(x)ml (c ∈ C×, (m1, . . . ,ml) ∈
Zl ). We call polynomials f1, . . . , fl the fundamental relative invariants . Let χ1, . . . , χl be
the characters of G corresponding to f1, . . . , fl and Xρ(G) the group of rational characters
of G corresponding to relative invariants. The group Xρ(G) is the free abelian group of
rank l generated by χ1, . . . , χl .
Let V ∗ be the dual space of V and let ρ∗ : G → GL(V ∗) be the contragredient
representation of ρ. We identify V with Cn by fixing a basis of V , and V ∗ with Cn by
taking the dual basis of V ∗. For a relative invariant f of (G, ρ, V ), we define ϕf to be the
map from V \ S to V ∗ given by
ϕf (x) = grad log f (x) =
(
1
f (x)
∂f
∂x1
(x), . . . ,
1
f (x)
∂f
∂xn
(x)
)
.
The map ϕf satisfies ϕf (ρ(g)x) = ρ∗(g)ϕf (x) (g ∈ G, x ∈ V \ S) (cf. [15, Propo-
sition 9 in Section 4]). If ϕf (V \ S) is Zariski-dense in V ∗ for some relative invariant
f of (G, ρ, V ), then (G, ρ, V ) is called regular. If (G, ρ, V ) is regular, then the triplet
(G, ρ∗, V ∗) is also a prehomogeneous vector space and we have Xρ(G) = Xρ∗(G).
In the following, we assume that (G, ρ, V ) is a regular prehomogeneous vector space
and G is reductive. Since G is reductive, if f is a relative invariant polynomial correspond-
ing to χ of (G, ρ, V ), then (G, ρ∗, V ∗) has a relative invariant polynomial f ∗ which cor-
responds to χ−1. Hence we can take the fundamental relative invariants f ∗1 , f ∗2 , . . . , f ∗l of
(G, ρ∗, V ∗) such that the characters of fi and f ∗i are the inverse of each other. We put f =
(f1, f2, . . . , fl), and fm := ∏li=1 f mii , f ∗m := ∏li=1 f ∗mii for m = (m1,m2, . . . ,ml) ∈
Zl . For any l-tuple m = (m1,m2, . . . ,ml) ∈ (Z≥0)l , there exists a polynomial bm(s) such
that
f ∗m(gradx)f s+m(x) = bm(s)f s(x) ,
where we put x = (x1, . . . , xn), gradx =
(
∂
∂x1
, . . . ,
∂
∂xn
)
. The polynomial bm(s) is
called the b-function of f . For k ∈ Z and a rational function η(t) of a variable t , we put
k−1∏∗
i=0
η(t + i) =
⎧⎨
⎩
∏k−1
i=0 η(t + i) (k > 0)
1 (k = 0)∏−1
i=k η(t + i)−1 (k < 0)
From [12, Theorem 3], the b-function bm(s) is expressed as
bm(s) = Am
N∏
j=1
γj (m)−1∏∗
i=0
ηj (γj (s) + i)
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where ηj (t) is a rational function of t , Am = ∏li=1 Amii (Ai ∈ C×), N ∈ Z>0, γj (s) =∑l
i=1 γij si , γij ∈ Z≥0, GCD(γ1j , . . . , γlj ) = 1. If there exists m ∈ (Z≥0)l such that
γj (m) = 1, then ηj (t) is a polynomial of t . Furthermore we know that the roots of ηj (t) are
negative rational numbers from [5, Corollary 5.2]. Hence we have the following theorem.
For convenience, we define the symbol [·]k by [t]k =
∏∗k−1
i=0 (t + i), i.e. [t]k = t (t +
1) . . . (t + k − 1) for k > 0, 1 for k = 0, (t + k) . . . (t − 1) for k < 0.
THEOREM 2.1 [12, Theorem 3 and Corollary of Theorem 3] and [5, Corollary 5.2].
If we assume that there exists m ∈ (Z≥0)l such that γj (m) = 1 for each 1 ≤ j ≤ N , then
the b-function bm(s) is expressed as
bm(s) = Am
N∏
j=1
μj∏
r=1
[γj (s) + αj,r ]γj (m) ,
where αj,r ∈ Q>0, μj ∈ Z>0.
Now we explain our method of calculating b-functions. Our purpose is to determine
these αi,j , γj (s), N , μj ∈ Z>0, and give explicitly b-functions up to the constant factor
Am which depends on the normalization of the fundamental relative invariants. We put
ξi = (0, . . . , 0, 1, 0, . . . , 0) where 1 appears only at the i-th place, and write bi(s) in-
stead of bξi (s). The b-function bm(s) satisfies the cocycle condition, i.e. bm1+m2(s) =
bm1(s)bm2(s + m1). Therefore we have only to determine b1(s), b2(s), . . . , bl(s).
The part of the highest degree of the b-function bm(s) is called the a-function, and
denoted by am(s). We write ai(s) instead of aξi (s), and ϕi instead of ϕfi . Then we have
am(s) = ∏li=1 ai(s)mi and ϕfm(v) = ∑li=1 miϕi(v).
LEMMA 2.2 [12, Proposition 9]. For any l-tuple m = (m1,m2, . . . ,ml) ∈ (Z≥0)l
and any v ∈ V \ S, we have
am(s) = f m(v)f ∗m(ϕf s (v)) = f m(v)f ∗m
( l∑
i=1
siϕi(v)
)
.
By this lemma, we have only to calculate ϕi(v) for a generic point v ∈ V \ S, in
order to get a-functions. Hence we can calculate a-functions much more easily than b-
functions. As we shall see later from the calculations in Section 4, the spaces treated in this
paper satisfy the assumption in Theorem 2.1. Hence the a-functions am(s) is of the form
am(s) = Am ∏Nj=1(γj (s)γj (m))μj . If we get a-functions, then computations of b-functions
are reduced to those of αjr .
There exists a relative invariant of (G, ρ, V ) which corresponds to (detρ(g))2, be-
cause (G, ρ, V ) is regular (cf. [12]). Let κ be the element of (1/2)Zl such that the relative
invariant f 2κ is corresponds to (det ρ(g))2.
THEOREM 2.3 [12, Theorem 4].
bm(s) = (−1)degfmbm(−s − m − κ)
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where degf m = Σli=1mi degfi .
By this functional equation, we get data of αjr . In a lot of cases of reducible preho-
mogeneous vector spaces, bi(sξi) is a known b-function for some i. It is also known that
(s + 1) divide bi(sξi).
We can determine the b-functions of the spaces in the classes (ii), (iii) and (v) by these
properties of the b- functions.
3. Main result
We shall explain 2-simple prehomogeneous vector spaces. A prehomogeneous vector
spaces (G, ρ, V ) is called 2-simple, when G = GL(1)k ×G1 ×G2 (G1 and G2 are simple
algebraic groups). We may assume that ρ is the composition of a rational representation ρ′
of G1 × G2 of the form ρ′ = ρ1 ⊗ ρ′1 + . . . + ρs ⊗ ρ′s + (ρs+1 + . . . + ρt ) ⊗ 1 + 1 ⊗
(ρ′t+1 + . . . ρ′k) (s ≤ t ≤ k) where ρi (resp. ρ′i ) are nontrivial irreducible representations
of G1 (resp. G2), and the scalar multiplications GL(1)k on each irreducible component
Vi for i = 1, . . . , k (V = V1 ⊕ . . . ⊕ Vk). A prehomogeneous vector space of the form
(H × GL(n), τ ⊗ Λ1,M(m, n)) (m ≤ n) is called a trivial prehomogeneous vector space,
where τ is an m-dimensional representation of an algebraic group H , and Λ1 is the n-
dimensional irreducible representation of GL(n). If s ≥ 1 and at least one of (GL(1) ×
G1 × G2, ρi ⊗ ρ′i ) (1 ≤ i ≤ s) is not trivial, then the space is called type I. If s ≥ 1 and all
(GL(1) × G1 × G2, ρi ⊗ ρ′i ) (1 ≤ i ≤ s) are trivial, then the space is called type II. For
simplicity, we write (G1 × G2, ρ′) or (G, ρ′) instead of (G, ρ, V ).
We define the irreducible representation Λ1 of SL(n) (resp. SO(n)) by Λ1(g)x = gx
for g ∈ SL(n) (resp. g ∈ SO(n)), x ∈ M(n, 1), and the irreducible representation Λ1
of Sp(n) by Λ1(g)x = gx for g ∈ Sp(n), x ∈ M(2n, 1). We denote by Λ2 the 5-
dimensional irreducible representation of Sp(2) whose construction will be explained in
Subsection 4.1. We denote by 2Λ1 (resp. 3Λ1) the irreducible symmetric 2-tensor (resp.
3-tensor) representation of SL(2). We denote by Λ (resp. Λ′) the spin (resp. half-spin)
representations of Spin(n), and χ the vector representations of Spin(n). We denote by
Λ2 the 7-dimensional irreducible representation of (G2). For details, we refer to [15].
Our main result is the following theorem, in which the characters corresponding to the
fundamental relative invariants are given by its value χi(g) = am11 am22 . . . amkk for g =
(a1, a2, . . . , ak, A,B) ∈ G = GL(1)k × G1 × G2 for each i.
THEOREM 3.1. The b-functions of the spaces of (ii), (iii) and (v) are as follows:
(10a) (Sp(n) × SL(2m),Λ1 ⊗ Λ1 + 1 ⊗ (Λ1 + Λ1)) (n > m).
χ1(g) = a2m1 , χ2(g) = a2m−21 a2a3,
bm(s) = [s1 + 1]m1[s1 + 2n − 2m + 2]m1[s2 + 1]m2[s2 + 2m]m2
×
m∏
k=2
[s1 + s2 + 2k − 1]m1+m2 ×
m−2∏
l=0
[s1 + s2 + 2n − 2l]m1+m2 .
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(10b) (Sp(n) × SL(2m),Λ1 ⊗ Λ1 + 1 ⊗ (Λ1 + Λ∗1)) (n > m).
χ1(g) = a2m1 , χ2(g) = a2a3,
bm(s) =
m∏
k=1
[s1 + 2k − 1]m1 ×
m−1∏
l=0
[s1 + 2n − 2l]m1 × [s2 + 1]m2[s2 + 2m]m2 .
(10c) (Sp(n) × SL(2m),Λ1 ⊗ Λ1 + 1 ⊗ (Λ∗1 + Λ∗1)) (n > m).
χ1(g) = a2m1 , χ2(g) = a21a2a3,
bm(s) =
m−1∏
k=1
[s1 + 2k − 1]m1 ×
m−1∏
l=1
[s1 + 2n − 2l]m1
× [s2 + 1]m2[s2 + 2m]m2[s1 + s2 + 2m − 1]m1+m2 [s1 + s2 + 2n]m1+m2 .
(11) (Sp(n) × SL(2),Λ1 ⊗ Λ1 + 1 ⊗ 2Λ1) (n > 1).
χ1(g) = a21, χ2(g) = a22,
bm(s) = [s1 + 1]m1[s1 + 2n]m1[s2 + 1]m2
[
s2 + 32
]
m2
.
(12) (Sp(n) × SL(2),Λ1 ⊗ Λ1 + 1 ⊗ 3Λ1) (n > 1).
χ1(g) = a21, χ2(g) = a42,
bm(s) = [s1 + 1]m1[s1 + 2n]m1[s2 + 1]2m2
[
s2 + 56
]
m2
[
s2 + 76
]
m2
.
(13) (Sp(n) × SL(2),Λ1 ⊗ Λ1 + 1 ⊗ (2Λ1 + Λ1)) (n > 1).
χ1(g) = a21, χ2(g) = a22, χ3(g) = a2a23,
bm(s) = [s1 + 1]m1[s1 + 2n]m1[s2 + 1]m2[s3 + 1]2m3
[
s2 + s3 + 32
]
m2+m3
.
(13)′ (Sp(n) × SL(2),Λ1 ⊗ Λ1 + 1 ⊗ (Λ1 + Λ1 + Λ1)) (n > 1).
χ1(g) = a21, χ2(g) = a2a3, χ3(g) = a3a4, χ4(g) = a2a4,
bm(s) = [s1 + 1]m1[s1 + 2n]m1[s2 + 1]m2[s3 + 1]m3[s4 + 1]m4
× [s2 + s3 + s4 + 2]m2+m3+m4 .
(14) (Sp(n) × SL(2m + 1),Λ1 ⊗ Λ1 + Λ1 ⊗ 1) (n > m).
χ1(g) = a2m+11 a2,
bm(s) =
m+1∏
k=1
[s1 + 2k − 1]m1 ×
m∏
l=0
[s1 + 2n − 2l]m1 .
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(15a) (Sp(n) × SL(2m + 1),Λ1 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ (Λ1 + Λ1)) (n > m).
χ1(g) = a2m+11 a2, χ2(g) = a2m−11 a2a3a4, χ3(g) = a2m1 a3, χ4(g) = a2m1 a4,
bm(s) = [s1 + 1]m1[s1 + 2n − 2m]m1[s2 + 1]m2[s3 + 1]m3
× [s4 + 1]m4[s4 + 2m]m4
×
m+1∏
k=2
[s1 + s2 + s3 + s4 + 2k − 1]m1+m2+m3+m4
×
m−1∏
l=0
[s1 + s2 + s3 + s4 + 2n − 2l]m1+m2+m3+m4 .
(15b) (Sp(n) × SL(2m + 1),Λ1 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ (Λ∗1 + Λ∗1)) (n > m).
χ1(g) = a2m+11 a2, χ2(g) = a21a3a4, χ3(g) = a1a2a3, χ4(g) = a1a2a4,
bm(s) =
m∏
k=1
[s1 + 2k − 1]m1 ×
m∏
l=1
[s1 + 2n − 2l]m1
× [s2 + 1]m2[s2 + 2m]m2[s3 + 1]m3[s4 + 1]m4
× [s1 + s2 + s3 + s4 + 2m + 1]m1+m2+m3+m4
× [s1 + s2 + s3 + s4 + 2n]m1+m2+m3+m4 .
(16) (Sp(2) × SL(3),Λ1 ⊗ Λ1 + Λ2 ⊗ 1 + 1 ⊗ Λ∗1).
χ1(g) = a22, χ2(g) = a41a2a3 ,
bm(s) = [s1 + 1]m1[s2 + 1]m2[s2 + 2]3m2[s2 + 3]m2
[
s1 + s2 + 52
]
m1+m2
.
(17) (Sp(2) × SL(2),Λ2 ⊗ Λ1 + Λ1 ⊗ 1).
χ1(g) = a41, χ2(g) = a21a22,
bm(s) = [s1 + 1]m1
[
s1 + 32
]
m1
[s2 + 1]m2[s2 + 2]m2
× [s1 + s2 + 2]m1+m2
[
s1 + s2 + 52
]
m1+m2
.
(18) (Sp(2) × SL(2),Λ2 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ Λ1).
χ1(g) = a41, χ2(g) = a21a22, χ3(g) = a21a23,
bm(s) = [s1 + 1]m1[s2 + 1]m2[s2 + 2]m2[s3 + 1]2m3[s1 + s2 + 2]m1+m2
×
[
s1 + s3 + 32
]
m1+m3
[
s1 + s2 + s3 + 52
]
m1+m2+m3
.
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(19) (Sp(2) × SL(4),Λ2 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ Λ∗1).
χ1(g) = a81, χ2(g) = a21a23, χ3(g) = a51a22a3,
bm(s) = [s1 + 1]m1[s2 + 1]m2[s3 + 1]m3[s3 + 2]m3
× [s1 + s3 + 2]m1+m3[2s1 + s3 + 2]2m1+m3 [2s1 + s3 + 3]2m1+m3
× [s2 + s3 + 2]m2+m3
[
s1 + s2 + s3 + 52
]2
m1+m2+m3
.
(20a) (SO(n) × SL(m),Λ1 ⊗ Λ1 + 1 ⊗ Λ1) (n > m > 1).
χ1(g) = a2m1 , χ2(g) = a2m−21 a22,
bm(s) = [s1 + 1]m1
[
s1 + n − m + 12
]
m1
[s2 + 1]m2
[
s2 + m2
]
m2
×
m∏
k=2
[
s1 + s2 + k + 12
]
m1+m2
×
m−1∏
l=1
[
s1 + s2 + n − l + 12
]
m1+m2
.
(20b) (SO(n) × SL(m),Λ1 ⊗ Λ1 + 1 ⊗ Λ∗1) (n > m > 1).
χ1(g) = a2m1 , χ2(g) = a21a22,
bm(s) =
m−1∏
k=1
[
s1 + k + 12
]
m1
×
m∏
l=2
[
s1 + n − l + 12
]
m1
× [s2 + 1]m2
[
s2 + m2
]
m2
[
s1 + s2 + m + 12
]
m1+m2
[
s1 + s2 + n2
]
m1+m2
.
(21)(22a) (Spin(7) × SL(n),Λ ⊗ Λ1 + 1 ⊗ Λ1) (n = 2, 3).
χ1(g) = a2n1 , χ2(g) = a2n−21 a22,
bm(s) = [s1 + 1]m1
[
s1 + 9 − n2
]
m1
[s2 + 1]m2
[
s2 + n2
]
m2
×
n∏
k=2
[
s1 + s2 + k + 12
]
m1+m2
×
n−1∏
l=1
[
s1 + s2 + 9 − l2
]
m1+m2
.
(22b)(23)(24) Spin(7) × SL(n),Λ ⊗ Λ1 + 1 ⊗ Λ∗1) (n = 3, 6, 7).
χ1(g) = a2n1 , χ2(g) = a21a22,
bm(s) =
n−1∏
k=1
[
s1 + k + 12
]
m1
×
n∏
l=2
[
s1 + 9 − l2
]
m1
× [s2 + 1]m2
[
s2 + n2
]
m2
[
s1 + s2 + n + 12
]
m1+m2
[s1 + s2 + 4]m1+m2 .
(25) (Spin(7) × SL(2), χ ⊗ Λ1 + Λ ⊗ 1).
χ1(g) = a41, χ2(g) = a22,
bm(s) = [s1 + 1]m1
[
s1 + 32
]
m1
[
s1 + 72
]
m1
[s1 + 3]m1[s2 + 1]m2[s2 + 4]m2 .
b-Functions of Regular 2-simple Prehomogeneous Vector Spaces 129
(26) (Spin(7) × SL(2), χ ⊗ Λ1 + Λ ⊗ 1 + 1 ⊗ Λ1).
χ1(g) = a41, χ2(g) = a22, χ3(g) = a21a23,
bm(s) = [s1 + 1]m1[s1 + 3]m1[s2 + 1]m2[s2 + 4]m2[s3 + 1]2m3
×
[
s1 + s3 + 32
]
m1+m3
[
s1 + s3 + 72
]
m1+m3
.
(27) (Spin(7) × SL(6), χ ⊗ Λ1 + Λ ⊗ 1 + 1 ⊗ Λ∗1).
χ1(g) = a121 , χ2(g) = a22, χ3(g) = a21a23,
bm(s) =
5∏
k=1
[
s1 + k + 12
]2
m1
× [s2 + 1]m2[s2 + 4]m2
× [s3 + 1]m3[s3 + 3]m3
[
s1 + s3 + 72
]2
m1+m3
.
(28)(29) (Spin(8) × SL(n), χ ⊗ Λ1 + Λ′ ⊗ 1) (n = 2, 3).
χ1(g) = a2n1 , χ2(g) = a22,
bm(s) =
n∏
k=1
[
s1 + k + 12
]
m1
×
n∏
l=1
[
s1 + 9 − l2
]
m1
× [s2 + 1]m2 [s2 + 4]m2 .
(30)(31a) (Spin(8) × SL(n), χ ⊗ Λ1 + Λ′ ⊗ 1 + 1 ⊗ Λ1) (n = 2, 3).
χ1(g) = a2n1 , χ2(g) = a22, χ3(g) = a2n−21 a23,
bm(s) = [s1 + 1]m1
[
s1 + 9 − n2
]
m1
[s2 + 1]m2 [s2 + 4]m2 [s3 + 1]m3
[
s3 + n2
]
m3
×
n∏
k=2
[
s1 + s3 + k + 12
]
m1+m3
×
n−1∏
l=1
[
s1 + s3 + 9 − l2
]
m1+m3
.
(31b)(32)(33) (Spin(8) × SL(n), χ ⊗ Λ1 + Λ′ ⊗ 1 + 1 ⊗ Λ∗1) (n = 3, 6, 7).
χ1(g) = a2n1 , χ2(g) = a22, χ3(g) = a21a23,
bm(s) =
n−1∏
k=1
[
s1 + k + 12
]
m1
×
n∏
l=2
[
s1 + 9 − l2
]
m1
× [s2 + 1]m2[s2 + 4]m2
× [s3 + 1]m3
[
s3 + n2
]
m3
[
s1 + s3 + n + 12
]
m1+m3
[s1 + s3 + 4]m1+m3 .
(45) ((G2) × SL(2),Λ2 ⊗ Λ1 + 1 ⊗ Λ1).
χ1(g) = a41, χ2(g) = a21a22,
bm(s) = [s1 + 1]m1[s1 + 3]m1[s2 + 1]2m2
[
s1 + s2 + 32
]
m1+m2
[
s1 + s2 + 72
]
m1+m2
.
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(46) ((G2) × SL(6),Λ2 ⊗ Λ1 + 1 ⊗ Λ∗1).
χ1(g) = a121 , χ2(g) = a21a22,
bm(s) =
5∏
k=1
[
s1 + k + 12
]2
m1
× [s2 + 1]m2[s2 + 3]m2
[
s1 + s2 + 72
]2
m1+m2
.
4. Proof of the main result
In this section, we shall prove our main result by the method explained in Section 2.
We give a detailed proof for the spaces (16). As for the spaces (10a), (10c), (15a), (15b),
(18), (19), (20a) and (20b), we explain only the maps ϕi and known b-functions bi(sξi),
because we can calculate the b-functions by arguments similar to that in the case of (16)
once we get explicit forms of the a-functions. As for the other spaces, we explain how
the calculations of the b-functions are reduced to those of the spaces (18), (20) and some
previously known cases.
4.1. The space (16)
First we explain the irreducible representation Λ2 of Sp(2) which appears in the spaces
(16), (17), (18) and (19). We put Alt ′(4) = {X ∈ Alt (4)|trXJ2 = 0}. We define the
irreducible representation Λ2 of Sp(2) by Λ2(g)(X) = gX tg for X ∈ Alt ′(4) and g ∈
Sp(2). Then we have Λ2(Sp(2))/{±1} ∼= SO(5), where SO(5) is the special orthogonal
groups of Pf(X) = x21,3 + x1,2x3,4 + x1,4x2,3 for X = (xi,j ) ∈ Alt ′(4) (xi,j = −xj,i).
In the space (16), the group GL(1)3×Sp(2)×SL(3) acts on V = M(4, 3)⊕Alt ′(4)⊕
M(3, 1) by ρ(g)(x) = (a1AX tB, a2AY tA, a3 tB−1Z) for x = (X, Y,Z) ∈ V and g =
(a1, a2, a3, A,B) ∈ G. Let x(i) ∈ Alt (2) be the alternating matrix obtained from x ∈
Alt (3) by deleting the i-th row and column (1 ≤ i ≤ 3). We put Z = t (z1, z2, z3), and
F(X, Y,Z) =
⎛
⎝ Pf ((
tXJ2X)(1)) Pf ((tXJ2YJ2X)(1)) z1
−Pf ((tXJ2X)(2)) −Pf ((tXJ2YJ2X)(2)) z2
Pf ((tXJ2X)(3)) Pf ((tXJ2YJ2X)(3)) z3
⎞
⎠ .
For g = (a1, a2, a3, A,B) ∈ G, we have F(ρ(g)(X, Y,Z)) = tB−1F(X, Y,Z)H where
H = diag(a21, a21a2, a3). The fundamental relative invariants f1 and f2 are given by
f1(x) = Pf(Y ) and f2(x) = det(F (X, Y,Z)) (cf. [9]).
We identify the dual space V ∗ with V by the non-degenerate bilinear form 〈x, x ′〉 =
tr( tXX′) − 12 tr(YY ′) + tZZ′ for x = (X, Y,Z), x ′ = (X′, Y ′, Z′) ∈ V . Then we have
ρ∗(g)(x) = (tA−1XB−1, α−1 tA−1YA−1, β−1BZ) for x = (X, Y,Z) ∈ V ∗ and g =
(α,A,B) ∈ G. If a basis of Alt ′(4) is given by {e12, e14, e23, e34, e13 − e24}, then the dual
basis of Alt ′(4) is given by {e12, e14, e23, e34, 2−1(e13 − e24)}. Hence if we put
Y ∗ =
⎛
⎜⎜⎝
0 y1,2 2−1y1,3 y1,4
−y1,2 0 y2,3 −2−1y1,3
−2−1y1,3 −y2,3 0 y3,4
−y1,4 2−1y1,3 −y3,4 0
⎞
⎟⎟⎠ ∈ Alt ′(4)
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for Y = (yi,j ) ∈ Alt ′(4), then we have f ∗i (X, Y,Z) = fi(X, Y ∗, Z) (i = 1, 2). We take a
generic point x˜0 = (E11 + E21 + E32 + E43, e13 − e24, e1). For the generic point x˜0, the
partial derivatives of f1 and f2 are given by
gradf1(x˜0) = (0, 2e13 − 2e24, 0) ,
gradf2(x˜0) = (2E11 + 2E21 + 2E32 + 2E43, 2e13 + e14 − e23 − 2e24, 2e1) .
Hence we get the a-functions
a1(s1, s2) = f1(x˜0)f ∗1 (ϕf s (x˜0)) = s1(s1 + s2) ,
a2(s1, s2) = f2(x˜0)f ∗2 (ϕf s (x˜0)) = 4s52(s1 + s2) .
By Theorem 2.1 we can put
b1(s1, s2) = (s1 + α1,1)(s1 + s2 + α3,1) ,
b2(s1, s2) = 4(s2 + α2,1)(s2 + α2,2)(s2 + α2,3)(s2 + α2,4)(s2 + α2,5)
× (s1 + s2 + α3,1) .
If we put κ = (1, 3), then the relative invariant f 2κ is corresponds to detρ(g)2 = a241 a102 a63.
From Theorem 2.3, the functional equations of b1(s1, s2) and b2(s1, s2) are given by
b1(s1, s2) = b1(−s1 − 2,−s2 − 3), b2(s1, s2) = b2(−s1 − 1,−s2 − 4) .
Since the relative invariant f1 coincides with the fundamental relative invariant of (GL(1)×
SO(5),Λ1), we get b1(s1, 0) = (s1 + 1)(s1 + 5/2) (cf. [12, Example 7] or [14, Example
9.2]). Hence we have α1,1 = 1, α3,1 = 5/2. Next we consider b2(s1, s2). From the
definition of b2(s1, s2), we have
4α2,1α2,2α2,3α2,4α2,5α3,1 = b2(0, 0) = f ∗2 (grad)f2 = 240 .
Therefore we have α2,1α2,2α2,3α2,4α2,5 = 24. We may put α2,1 = 1, and by the functional
equation of b2(s1, s2) we have α2,2 = 3. We also have α2,3α2,4α2,5 = 8. By the functional
equation of b2(s1, s2) we have {α2,3, α2,4, α2,5} = {4 −α2,3, 4 −α2,4, 4 −α2,5}. Hence we
see 0 < α2,i < 4, (i = 3, 4, 5). If α2,3, α2,4, α2,5 = 2, the number of elements larger than
2 in the left side of this identity is not equal to the number of elements larger than 2 in the
right side of this identity. This is a contradiction. Hence we can put α2,3 = 2, and we have
α2,4α2,5 = 4. By the functional equation of b2(s1, s2) we have α2,4 = α2,5 = 2. Thus we
get explicitly the b-function of the space (16).
4.2. The spaces (10), (15), (18), (19) and (20)
(10a) (Sp(n) × SL(2m),Λ1 ⊗ Λ1 + 1 ⊗ (Λ1 + Λ1)) (n > m).
The group GL(1)3 ×Sp(n)×SL(2m) acts on V = M(2n, 2m)⊕M(2m, 1)⊕M(2m, 1) by
ρ(g)(x) = (a1AX tB, a2BY, a3BZ) for x = (X, Y,Z) ∈ V and g = (a1, a2, a3, A,B) ∈
G. For (X, Y,Z) ∈ V , we put
F1(X) = tXJnX ∈ Alt (2m) , F2(X, Y,Z) =
⎛
⎝
tXJnX Y Z
−tY 0 0
−tZ 0 0
⎞
⎠ ∈ Alt (2m + 2) .
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The fundamental relative invariants f1 and f2 are given by f1(x) = Pf(F1(X)), f2(x) =
Pf(F2(X, Y,Z)), (cf. [9]). We put
(F2(X, Y,Z))
−1 =
⎛
⎝ Ψ1(X, Y,Z) Ψ2(X,Z) Ψ3(X, Y )−tΨ2(X,Z) 0 −f−12 (x)f1(x)
−tΨ3(X, Y ) f −12 (x)f1(x) 0
⎞
⎠ .
Then we have
ϕ1(x) =
(
JnX(F1(X))
−1, 0, 0
)
,
ϕ2(x) = (JnXΨ1(X, Y,Z), −Ψ2(X,Z), −Ψ3(X, Y )) .
Since the relative invariant f1 coincides with the fundamental relative invariant of the irre-
ducible prehomogeneous vector space (GL(1)× Sp(n) × SL(2m),Λ1 ⊗ Λ1)(n ≥ m), we
get
b1(s1, 0) =
m∏
k=1
(s1 + 2k − 1)
m−1∏
l=0
(s1 + 2n − 2l)
from [6, Proposition 3-1].
(10c) (Sp(n) × SL(2m),Λ1 ⊗ Λ1 + 1 ⊗ (Λ∗1 + Λ∗1)) (n > m).
The group G = GL(1)3 × Sp(n) × SL(2m) acts on V = M(2n, 2m) ⊕ M(2m, 1) ⊕
M(2m, 1) by ρ(g)(x) = (a1AX tB, a2 tB−1Y, a3 tB−1Z) for x = (X, Y,Z) ∈ V and
g = (a1, a2, a3, A,B) ∈ G. We put F(X) = tXJnX. The fundamental relative invariants
f1 and f2 are given by f1(x) = Pf(F (X)), f2(x) = t YF (X)Z. Then we have
ϕ1(x) = (JnX(F(X))−1, 0, 0) ,
ϕ2(x) = (f2(x))−1(JnXZ tY − JnXY tZ, F (X)Z, −F(X)Y ) .
From [6, Proposition 3-1], we get
b1(s1, 0) =
m∏
k=1
(s1 + 2k − 1)
m−1∏
l=0
(s1 + 2n − 2l).
(15a) (Sp(n) × SL(2m + 1),Λ1 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ (Λ1 + Λ1)) (n > m).
The group G = GL(1)4 ×Sp(n)×SL(2m+1) acts on V = M(2n, 2m+1)⊕M(2n, 1)⊕
M(2m + 1, 1) ⊕ M(2m + 1, 1) by ρ(g)(x) = (a1AX tB, a2AY, a3BZ, a4BW) for x =
(X, Y,Z,W) ∈ V and g = (a1, a2, a3, a4, A,B) ∈ G. For x = (X, Y,Z,W) ∈ V , we put
F1(X, Y ) =
(
tXJnX
tXJnY
−t (tXJnY ) 0
)
∈ Alt (2m + 2) ,
F2(X,Z) =
(
tXJnX Z
−tZ 0
)
, F3(X,W) =
(
tXJnX W
−tW 0
)
∈ Alt (2m + 2) ,
F4(x) =
⎛
⎜⎜⎝
tXJnX
tXJnY Z W
−t (tXJnY ) 0 0 0
−tZ 0 0 0
−tW 0 0 0
⎞
⎟⎟⎠ ∈ Alt (2m + 4) .
b-Functions of Regular 2-simple Prehomogeneous Vector Spaces 133
The fundamental relative invariants f1, f2, f3, f4 are given by f1(x) = Pf(F1(X, Y )),
f2(x) = Pf(F2(X,Z)), f3(x) = Pf(F3(X,W)) and f4(x) = Pf(F4(x)) (cf. [9]). We
put
(F1(X, Y ))
−1 =
(
Ψ11(X, Y ) Ψ12(X)
−tΨ12(X) 0
)
,
(F2(X,Z))
−1 =
(
Ψ21(X,Z) Ψ22(X)
−tΨ22(X) 0
)
, (F3(X,W))
−1 =
(
Ψ31(X,W) Ψ32(X)
−tΨ32(X) 0
)
,
(F4(x))
−1 =
⎛
⎜⎜⎝
Ψ41(X, Y,W,Z) Ψ42(X,Z,W) Ψ43(X, Y,W) Ψ44(X, Y,Z)
−tΨ42(X,Z,W) 0 −f −14 (x)f3(x) f −14 (x)f2(x)
−tΨ43(X, Y,W) f −14 (x)f3(x) 0 −f−14 (x)f1(x)
−tΨ44(X, Y,Z) −f−14 (x)f2(x) f−14 (x)f1(x) 0
⎞
⎟⎟⎠.
Then we get
ϕ1(x) = (JnXΨ11(X, Y ) − JnY tΨ12(X), JnXΨ12(X) , 0, 0) ,
ϕ2(x) = (JnXΨ21(X,Z), 0, −Ψ22(X), 0) ,
ϕ3(x) = (JnXΨ31(X,W), 0, 0, −Ψ32(X)) ,
ϕ4(x) = (JnXΨ41(X, Y,Z,W) − JnY tΨ42(X,Z,W) ,
JnXΨ42(X,Z,W), −Ψ43(X, Y,W), −Ψ44(X, Y,Z)) .
If we put X′ = (X|Y ) ∈ M(2n, 2m + 2) for X ∈ M(2n, 2m + 1), Y ∈ M(2n, 1), we have
f1(x) = Pf( tX′JnX′). So, from [6, Proposition 3-1], we get
b1(s1, 0, 0, 0) =
m+1∏
k=1
(s1 + 2k − 1)
m∏
l=0
(s1 + 2n − 2l) .
(15b) (Sp(n) × SL(2m + 1),Λ1 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ (Λ1 + Λ1)∗) (n > m).
The group G = GL(1)4 ×Sp(n)×SL(2m+1) acts on V = M(2n, 2m+1)⊕M(2n, 1)⊕
M(2m+ 1, 1)⊕M(2m+ 1, 1) by ρ(g)(x) = (a1AX tB, a2AY, a3 tB−1Z, a4 tB−1W) for
x = (X, Y,Z,W) ∈ V and g = (a1, a2, a3, a4, A,B) ∈ G. For (X, Y,Z,W) ∈ V we put
F1(X) = tXJX, F2(X, Y ) = tXJY ,
F3(X, Y ) =
(
F1(X) F2(X, Y )
−tF2(X, Y ) 0
)
∈ Alt (2m + 2) .
The fundamental relative invariants f1, f2, f3 and f4 are given by f1(x) = Pf(F3(X, Y )),
f2(x) = tZF1(X)W , f3(x) = tZF2(X, Y ), f4(x) = tWF2(X, Y ) (cf. [9]). Then we get
ϕ1(x) = (JnXΨ11(X, Y ) − JnY tΨ12(X), JnXΨ12(X), 0, 0) ,
ϕ2(x) = f2(x)−1(JnXW tZ − JnXZ tW, 0, F1(X)W, −F1(X)Z) ,
ϕ3(x) = f3(x)−1(JnY tZ, −JnXZ, F2(X, Y ), 0) ,
ϕ4(x) = f4(x)−1(JnY tW, −JnXW, 0, F2(X, Y )) .
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From [6, Proposition 3-1], we get
b1(s1, 0, 0, 0) =
m+1∏
k=1
(s1 + 2k − 1)
m∏
l=0
(s1 + 2n − 2l) .
(18) (Sp(2) × SL(2),Λ2 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ Λ1).
The group GL(1)3 × Sp(2) × SL(2) acts on V = Alt ′(4)⊕2 ⊕ M(4, 1) ⊕ M(2, 1) by
ρ(g)(x) = ((a1AX1 tA, a1AX2 tA)tB, a2AY, a3βBZ) for x = ((X1,X2), Y,Z) ∈ V and
g = (a1, a2, a3, A,B) ∈ G. We put
β(X1,X2) = Pf(X1 + X2) − Pf(X1) − Pf(X2) ,
F1(X1,X2) =
(
β(X1,X1) β(X1,X2)
β(X1,X2) β(X2,X2)
)
∈ Sym(2) ,
F3(X1,X2, Z) =
(
F1(X1,X2) Z
tZ 0
)
∈ Sym(3) .
The fundamental relative invariants f1, f2 and f3 are given by f1(x) = det(F1(X1,X2)),
f2(x) = tY J2X1J2X2J2Y , f3(x) = det(F3(X1,X2, Z)) (cf. [9]). For a generic point
x˜0 = ((e13 − e24, e12 + e34), e1 + e2, e1), we get
gradf1(x˜0) = ((8e13 − 8e24, 4e12 + 4e34) , 0, 0) ,
gradf2(x˜0) = ((2e13 − 2e24 + e14 − e23, 2e34) , 2e1 + 2e2, 0) ,
gradf3(x˜0) = ((0, 2e12 + 2e34) , 0, 4e1) .
Since the relative invariants f1(x), f3(x) coincide with the fundamental relative invari-
ants f1(x), f2(x) of the space (20a) for n = 5, m = 2, we get an explicit form of
b(m1,0,m3)(s1, 0, s3).
(19) (Sp(2) × SL(4),Λ2 ⊗ Λ1 + Λ1 ⊗ 1 + 1 ⊗ a)Λ∗1).
The group GL(1)3 × Sp(2) × SL(4) acts on V = Alt ′(4)⊕4 ⊕ M(4, 1) ⊕ M(4, 1) by
ρ(g)(x) = ((a1AX1 tA, a1AX2 tA, a1AX3 tA, a1AX4 tA)tB, a2AY, a3 tB−1Z) for x =
((X1,X2,X3,X4), Y,Z)∈V and g = (a1, a2, a3, A,B)∈G. For X = (X1,X2,X3,X4) ∈
Alt ′(4)⊕4 and (X, Y,Z) ∈ V we put
F1(X) =
(
β(Xi,Xj )
)
1≤i,j≤4 ∈ Sym(4) ,
F2(i1, i2, i3) = t Y J2Xi1J2Xi2J2Xi2J2Y ,
F3(X, Y ) = t (F2(2, 3, 4),−F2(1, 3, 4), F2(1, 2, 4),−F2(1, 2, 3)) .
The fundamental relative invariants f1, f2 and f3 are given by f1(x) = det(F1(X)),
f2(x) = tZF1(X)Z, f3(x) = tV F1(X)F3(X, Y ) (cf. [9]). For a generic point x˜0 =
((e12, e14, e23, e34) , e1 + e2, e1 + e4), we get
gradf1(x˜0) = ((2e12, 2e14, 2e23, 2e34) , 0, 0) ,
gradf2(x˜0) = ((2e12 + 2e34, 0, 0, 2e12 + 2e34) , 0, 2e1 + 2e4) ,
gradf3(x˜0) = ((e12 + e34, e13 + e14,−e13 + e24 + e23, 2e34) , e1 + e2, e4) .
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Since the relative invariants f1(x), f2(x) coincide with the fundamental relative invari-
ants f1(x), f2(x) of the space (20b) for n = 5, m = 4, we get an explicit form of
b(m1,m2,0)(s1, s2, 0).
(20a) (SO(n) × SL(m),Λ1 ⊗ Λ1 + 1 ⊗ Λ1) (n > m > 1).
The group G = GL(1)2 ×SO(n)×SL(m) acts on V = M(n,m)⊕M(m, 1) by ρ(g)(x) =
(a1AX
tB, a2BY) for x = (X, Y ) ∈ V and g = (a1, a2, A,B) ∈ G. For (X, Y ) ∈ V we
put
F1(X) = tXX ∈ Sym(m), F2(X, Y ) =
(
tXX Y
tY 0
)
∈ Sym(m + 1) .
The fundamental relative invariants f1, f2 are given by f1(x) = det(F1(X)), f2(x) =
det(F2(X, Y )) respectively (cf. [9]). We put
(F2(X, Y ))
−1 =
(
Ψ1(X, Y ) Ψ2(X, Y )
Ψ2(X, Y ) 0
)
.
Then we have
ϕ1(x) =
(
2X(F1(X))−1, 0
)
,
ϕ2(x) = (2XΨ1(X, Y ), 2Ψ2(X, Y )) .
Since the relative invariant f1 coincides with the fundamental relative invariant of the irre-
ducible prehomogeneous vector space (GL(1)×SO(n)×SL(m),Λ1 ⊗Λ1) (n > m > 1),
we get
b1(s1, 0) =
m∏
k=1
(s1 + (k + 1)/2)
m∏
l=1
(s1 + (n − l + 1)/2)
from [12, Example 7] or [14, Example 9.2].
(20b) (SO(n) × SL(m),Λ1 ⊗ Λ1 + 1 ⊗ Λ∗1) (n > m > 1).
The group G = GL(1)2 ×SO(n)×SL(m) acts on V = M(n,m)⊕M(m, 1) by ρ(g)(x) =
(a1AX tB, a2 tB−1Y ) for x = (X, Y ) ∈ V and g = (a1, a2, A,B) ∈ G. For (X, Y ) ∈ V
we put F(X) = tXX. The fundamental relative invariants f1 and f2 are given by f1(x) =
det(F (X)), f2(x) = tYF (X)Y (cf. [9]). Then we get
ϕ1(x) =
(
2X(F(X))−1, 0
)
,
ϕ2(x) = 2(f2(x))−1
(
XY tY, F (X)Y
)
.
From [12, Example 7] or [14, Example 9.2], we get
b1(s1, 0) =
m∏
k=1
(s1 + (k + 1)/2)
m∏
l=1
(s1 + (n − l + 1)/2) .
4.3. The other spaces
Let (G,ρ,V ) and (G′,ρ′,V ′) be prehomogeneous vector spaces. We write (G,ρ,V )⊂
(G′, ρ′, V ′) if the fundamental relative invariants of (G, ρ,V ) are the same polynomials as
the relative invariants which are contained in those of (G′, ρ′, V ′). Then we easily get
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an explicit form of the b-function of (G, ρ, V ) from that of (G′, ρ′, V ′), because the b-
functions depend only on the fundamental relative invariants. We define the prehomoge-
neous vector space (G, ρ, V ) ⊕ (G′, ρ′, V ′) := (G × G′, ρ ⊗ 1 + 1 ⊗ ρ′, V ⊕ V ′), where
(ρ ⊗ 1 + 1 ⊗ ρ′)(g, g ′)(v, v′) = (ρ(g)v, ρ′(g ′)v) for (g, g ′) ∈ G × G′, (v, v′) ∈ V ⊕ V ′.
Since the fundamental relative invariants of this space are given by those of (G, ρ, V ) and
(G′, ρ′, V ′), we get the b- function by the product of their b-functions. We get explicit
forms of the b-functions of the spaces (10b), (11), (12), (13), (13)’, (14), (17) and the
spaces in the classes (iii), (v) by the following relations.
(10b) ⊂ (GL(1) × Sp(n) × SL(2m),Λ1 ⊗ Λ1) ⊕ (GL(1)2 × SL(2m),Λ1 + Λ∗1),
(11) ⊂ (GL(1) × Sp(n) × SL(2),Λ1 ⊗ Λ1) ⊕ (GL(1) × SL(2), 2Λ1),
(12) ⊂ (GL(1) × Sp(n) × SL(2),Λ1 ⊗ Λ1) ⊕ (GL(1) × SL(2), 3Λ1),
(13) ⊂ (GL(1) × Sp(n) × SL(2),Λ1 ⊗ Λ1) ⊕ (GL(1)2 × SL(2), 2Λ1 + Λ1),
(13)’ ⊂ (GL(1) × Sp(n) × SL(2),Λ1 ⊗ Λ1) ⊕ (GL(1)3 × SL(2),Λ1 + Λ1 + Λ1),
(14) ⊂ (GL(1) × Sp(n) × SL(2m + 2),Λ1 ⊗ Λ1),
(17) ⊂ (18),
(21) ⊂ (20a) n = 8 m = 2,
(22a) ⊂ (20a) n = 8 m = 3,
(22b) ⊂ (20b) n = 8 m = 3,
(23) ⊂ (20b) n = 8 m = 6,
(24) ⊂ (20b) n = 8 m = 7,
(25) ⊂ (26),
(26) ⊂ {(20a) n = 7 m = 2} ⊕ (GL(1) × SO(8),Λ1),
(27) ⊂ {(20b) n = 7 m = 6} ⊕ (GL(1) × SO(8),Λ1),
(28) ⊂ (GL(1) × SO(8) × SL(2),Λ1 ⊗ Λ1) ⊕ (GL(1) × SO(8),Λ1),
(29) ⊂ (GL(1) × SO(8) × SL(3),Λ1 ⊗ Λ1) ⊕ (GL(1) × SO(8),Λ1),
(30) ⊂ {(20a) n = 8 m = 2} ⊕ (GL(1) × SO(8),Λ1),
(31a) ⊂ {(20a) n = 8 m = 3} ⊕ (GL(1) × SO(8),Λ1),
(31b) ⊂ {(20b) n = 8 m = 3} ⊕ (GL(1) × SO(8),Λ1),
(32) ⊂ {(20b) n = 8 m = 6} ⊕ (GL(1) × SO(8),Λ1),
(33) ⊂ {(20b) n = 8 m = 7} ⊕ (GL(1) × SO(8),Λ1),
(45) ⊂ {(20a) n = 7 m = 2},
(46) ⊂ {(20b) n = 7 m = 6}.
For the spaces (GL(1) × SL(2), 2Λ1), (GL(1) × SL(2), 3Λ1), (GL(1)3 × SL(2),Λ1 +
Λ1 +Λ1), (GL(1)2 ×SL(2m),Λ1 +Λ∗1), the b-functions were given in [17], [16], [10], [4]
respectively. For the spaces (GL(1)×Sp(n)×SL(2m),Λ1 ⊗Λ1) and (GL(1)×SO(n)×
SL(m),Λ1 ⊗ Λ1), the b-functions were given in [6], [12], [14].
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